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Problem Description

Discretization of elliptic PDEs with

. )
point load

singularities dipole > in the source terms
quadrupole

/

W

standard discretization e accuracy deteriorates
relies on smoothness e standard analysis fails
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Applications

Fields of application in which problems with singularities
of this kind arise are manifold, e.g.

e point sources and sinks In
porous media flow that are
described by Dirac delta

functions

e point loads and dipoles as
source terms inducing electro-
static potentials
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Neurosurgery at Erlangen Localization of
University Head Center an epileptic focus
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2. Construction of numerical representation

e analytical integration of delta function yields smooth
function

e numerical differentiation yields h-dependent discrete
equivalent of delta function
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Generalized Functions

Definition: The family of functions H; : R — R, ¢ € Z is defined by

) H, () : >0
: <0
O S R T E

: Lo e>0 /Hm(g)dg . 1<0
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Analytic Solution for a Dipole

ug(r,y) = vVuy(zr,y) =

Analytic Solution Right hand side with

Zenger correction
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+ correction is been applied to a fixed number of
points (= independent of mesh-size)

+ the pollution effect is eliminated

Disadvantages

— the accuracy breaks down near the singularity
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Richardson Extrapolation
e based on the asymptotic error expansion

up, — u* = h%eq + hes + ... + O(R*F)

e we use a fine grid with mesh-size h and a coarse grid with H = 2h

e on the coarse grid a higher accuracy is achieved through the combined

solution A .
~ =
ug = - 1;" up — -ug
i B

= so the final accuracy can be improved from O(h?) to O(h?)

e u; and ug are naturally computed with full multigrid

ot
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T-Extrapolation

e 7-Extrapolation is a multigrid specific technique and works for both
CS and FAS

e For CS the defects of two different grid levels are combined

e Higher accuracy is achieved by modifying the correction at the finest
grid level only

~m m — 4 m 1 TH, m
T =g+ 1Ay (500G — Aw?) = (00— AT

e special care has to be taken when choosing the restriction operator
and the smoothing procedure in order not to destroy the high accuracy

~
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e finite differences, equidistant grid, mesh-size h.

e correction scheme multigrid solver

point load
dipole p at & = (0.26,0.26,0.26) not a grid point

quadrupole

f
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Discretization Errors for a Dipole
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() = problem domain, R = region around singularity
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Discretization Errors for a Dipole and

Richardson Extrapolation
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Discretization Errors for a Dipole and 7-Extrapolation
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Extrapolation for increased Accuracy

dipole —e—
dipole Richardson —e—
dipolet —o—
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T-Extrapolation does not work with O(h?) yet
(higher order B-Splines needed)!
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Discretization Errors for a Quadrupole
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() = problem domain,

R = region around singularity
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o: conductivity tensor
®: Potential field (forward problem)

I: Source terms (inverse problem)

Electrically active brain areas are physically modeled as dipoles

= suitable numerical dipole models are needed
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Comparison for a Realistic Setting

We compare the new dipole model to a standard
Finite-Volume-Discretization and solve the foward EEG problem
on a 2D head slice

(We use a unit dipole left of the ventricular system, orientation 190°)

2D head slice Dipole (simple FVM) Difference in models

Lehrstuhl fur Systemsimulation, Universitat Erlangen 19



Conclusions & Future Work

e T[he results show, that the Zenger correction can be

— extended to 3D
— extended to dipoles & quadrupoles

— used In conjunction with extrapolation techniques

e Future work

— Fix (technical) problems with 7-Extrapolation

— Evaluate importance of Zenger correction
for Bioelectric Field problem

— Generalize existing 2D-theory
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